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I 
FUNDAMENTAL  ANALYSIS OF THE  FAILURE OF 
POLYMER-BASED FIBER REINFORCED  COMPOSITES 
INTRODUCTION 
There are many d i f f e r e n t  ways i n  which a s t r u c t u r e  made of a f i b e r  
r e in fo rced  compos i t e  material can become u n a b l e  t o  a d e q u a t e l y  p e r f o r m  i t s  
p r imary   func t ion .  I n  each s u c h  i n s t a n c e  f a i l u r e  i s  cons ide red   t o   have  oc- 
c u r r e d .  The p o s s i b l e  f a i l u r e  modes therefore   encompass a wide  range  of  pos- 
s i b i l i t i e s  f r o m  s i m p l e  l o s s  o f  s t r u c t u r a l  r i g i d i t y  d u e  t o  g r o s s  i n e l a s t i c  d e -  
f o r m a t i o n  ( e . g . ,  y i e l d i n g ) ,  t h r o u g h  a r e d u c t i o n  i n  l o a d - c a r r y i n g  c a p a c i t y  
d u e  t o  l o c a l i z e d  damage o r  s e p a r a t i o n  ( e . g . ,  i n t e r p l y  d e l a m i n a t i o n ) ,  t o  t h e  
complete  l o s s  o f  s t r e n g t h  d u e  t o  l a r g e - s c a l e  c r a c k  g r o w t h  a n d  f r a c t u r e .  Each 
o f  t h e s e  f a i l u r e  modes c a n  b e  g r a d u a l  o r  r a p i d  d e p e n d i n g  o n  t h e  n a t u r e  o f  t h e  
a p p l i e d   l o a d s ,   t h e  material p r o p e r t i e s ,   t h e   g e o m e t r y   o f   t h e   s t r u c t u r e ,   a n d   t h e  
presence  of   cracks  or   f laws.   For   polymer-based  composi tes ,   the   loading ra te ,  
the  t empera tu re ,  and  p rev ious  load  h i s to ry  can  a l so  p l ay  p rominen t  ro l e s .  
I n  t h e  w o r k  d e s c r i b e d  i n  t h i s  r e p o r t ,  e m p h a s i s  is placed  upon 
f r a c t u r e  a n d ,  t h e r e f o r e ,  t h e  w o r k  w i l l  be  p r imar i ly  conce rned  wi th  the  " s t r eng th"  
of f i b e r   c o m p o s i t e s   c o n t a i n i n g  known f l aws .  The t e r m  s t r e n g t h  i s  convent ion-  
a l l y  t a k e n  t o  mean t h e  l o a d  l e v e l  a t  w h i c h  f a i l u r e  o c c u r s  i n  a s t a n d a r d  test  
s p e c i m e n .   C l e a r l y ,   t h e   s t r e n g t h  w i l l  b e  a f u n c t i o n   o f  many d i f f e r e n t  p a r a -  
meters a r i s i n g  i n  t h e  t es t  program  and may o r  may n o t  b e  d i r e c t l y  a p p l i c a b l e  
t o   e n g i n e e r i n g   d e s i g n   s i t u a t i o n s .  The pr imary   purpose   o f   the   research   des-  
c r i b e d  i n  t h i s  r e p o r t  i s  t o  p r o v i d e  a b r i d g e  b e t w e e n  s t a n d a r d  l a b o r a t o r y  t e s t  
p r o c e d u r e s  a n d  a c t u a l  e n g i n e e r i n g  a p p l i c a t i o n s  o f  f i b e r  c o m p o s i t e s  t h a t  w i l l  
a l l o w  a c c u r a t e  r e l i a b l e  e s t i m a t e s  of t h e  f a i l u r e  l o a d s  f o r  a i r c r a f t  and o t h e r  
e n g i n e e r i n g   s t r u c t u r e s .  Such a c a p a b i l i t y   d o e s   n o t   p r e s e n t l y   e x i s t .  
The d e s i g n  t o o l  t h a t  s h o u l d  b e  d e v e l o p e d  f o r  t h e  s a f e  a n d  e f f i c i e n t  
u t i l i z a t i o n  o f  c o m p o s i t e  materials is a p r e d i c t i v e  c a p a b i l i t y  f o r  f r a c t u r e  
t h a t  c a n  t a k e  a c c o u n t  o f  t h e  a p p l i e d  l o a d i n g ,  t h e  g e o m e t r y  o f  t h e  s t r u c t u r e ,  
a n d  t h e  e n v i r o n m e n t a l  e f f e c t s  i n  terms o f  r e a d i l y  m e a s u r a b l e  p r o p e r t i e s  o f  t h e  
composi te ' s   cons t i tuents   and   of  i t s  m i c r o s t r u c t u r a l   d e s i g n .  The pr imary 
b e n e f i t s   a c c r u i n g   f r o m   s u c h   a n   a n a l y t i c a l   c a p a b i l i t y  are t w o f o l d .   F i r s t ,  
f o r  a g i v e n  s t r u c t u r e ,  m a t e r i a l ,  a n d  l o a d ,  t h e  c r i t i c a l  f l a w  s i z e  and t y p e  i n  
a s t r u c t u r a l  component  can  be  es t imated  for  compar ison  wi th  ac tua l  flaws ob- 
se rved   i n   an   i n spec t ion   p rog ram.   Second ,   gu ide l ines   can   be   p rov ided   ro r  the 
d e s i g n e r  t o  t a i l o r  more f r a c t u r e  r e s i s t a n t  " t o u g h e r "  m a t e r i a l s  f o r  s p e c i f i c  
e n g i n e e r i n g  a p p l i c a t i o n s .  
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PROGRAM PLAN AND SUMMARY OF PROGRESS 
The work described in this  report  represents  the  first year  of  effort 
in  what  is  planned as a multiyear  program.  The  specific  objective  of  the 
first year’s work was to  develop  the  basic  mathematical  procedures  required 
for  the  analysis  model.  To  implement  this work, attention  was  focussed on 
unidirectional  composites  with  linear  elastic-brittle  material  behavior.  In 
subsequent  work,  the  model  will  be  extended to  treat  angle  ply  laminates  and 
will include  further  refinements  (e.g.,  inelastic  constituent  behavior)  re- 
quired  in  order  to  treat  actual  engineering  problems. 
The primary  objective  of  the  work  will  be  achieved  only  if  the 
mathematical  model  developed  is  capable  of  delineating  the  role of  the  various 
micromechanical  failure  processes  that  dictate  the  ultimate  failure  point  of 
fiber  reinforced  composites.  The  research  described  in  this  report  seeks  this 
end  by  merging a  micromechanical  failure  analysis  with  a  macromechanical  frac- 
ture  mechanics  approach.  This  approach  treats  the  material as  heterogeneous 
and  anisotropic  where  microstructural  effects  predominate  and s homogeneous 
and  anisotropic where it  is  permissible  and  practical  to  do s .  In this way, 
direct  consideration  can  be  given to 
a The  external  size  and  shape  of  the  structure  and  the 
laminate  stacking  sequence 
e The  applied  loads  acting on the structure,  both 
mechanical  and  thermal,  and  environmental  effects 
e The  size,  shape,  and  orientation  of  a  flaw  in  the 
laminate. 
In  particular,  the  manner  in  which  these  parameters  influence  the  sequence 
of  microstructural  failure  events  whereby  a  flaw  extends  stably  under  an 
increasing  load  up  to  the  point of catastrophic  fracture  will  be  determined. 
It  should  be  understood  that  the  conventional  approach  to  fracture  analysis, 
linear  elastic  fracture  mechanics,  is  not  capable  of  coping  with  this  degree 
of  complexity,  thus  necessitating  the  more  general  development  being  pursued 
here. 
I 
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Linea r  elastic f r a c t u r e  m e c h a n i c s  (LEFM) is a p r e d i c t i v e  t e c h n i q u e  
a p p l i c a b l e  t o  s t r u c t u r a l  c o m p o n e n t s  c o n t a i n i n g  c r a c k - l i k e  f l a w s  when t h e  
material used f i t s  c e r t a i n  k e y  a s s u m p t i o n s  u s e d  i n  the LEFM t h e o r y .  S p e c i f i -  
c a l l y ,  t h e  material must  behave  very  near ly  as would a c o m p l e t e l y  l i n e a r  
elastic p e r f e c t l y  homogeneous i d e a l  material. The LEFM approach  has   been 
s u c c e s s f u l  when p r o p e r l y  a p p l i e d  ( e . g . ,  t o  h i g h  s t r e n g t h  s t e e l ) ,  b u t  c o n s i d e r -  
a b l y  less s u c c e s s f u l  i n  a p p l i c a t i o n s  w h e r e  t h e  b a s i c  a s s u m p t i o n s  are n o t  w e l l  
s a t i s f i e d .   F i b e r   r e i n f o r c e d   c o m p o s i t e  materials are an   ou ts tanding   example  
o f   t he  l a t te r  case. I n  p a r t i c u l a r ,  i n  f i b e r  c o m p o s i t e s  w i t h  a f l a w ,  a non- 
l i n e a r  "damage" zone is genera l ly   p roduced  a t  t h e   f l a w .   T h i s   z o n e ,   g e n e r a l l y  
growing i n  a s t a b l e  manner  under  an  increas ing  appl ied  load ,  has  a profound 
e f f e c t   o n   t h e   e v e n t u a l   p o i n t   o f   c o m p l e t e   f r a c t u r e .   T h i s  i s  shown, for   example ,  
i n  t h e  work  of  Mandell, e t  a l .  [11+ a s  w e l l  as  by many o t h e r  i n v e s t i g a t o r s .  
The damage z o n e s  i n  a f ibe r  compos i t e  are t h e  r e s u l t  o f  a l a r g e  
number o f  d i s c r e t e  f a i l u r e  p r o c e s s e s ,  e . g . ,  f i b e r  b r e a k i n g ,  m a t r i x  y i e l d i n g ,  
e t c . ,  t h a t  o c c u r  i n  t h e  h i g h l y  stressed reg ion  ahead  of a c r a c k - l i k e  f l a w .  
These  ind iv idua l  micromechanica l  events  d o  no t  confo rm to  the  bas i c  a s sumpt ions  
of LEFM. Consequently,  i t  is n o t   s u r p r i s i n g   t h a t   t h e   a g r e g a t e   o f   s u c h   p r o -  
c e s s e s   c a n n o t   b e   t r e a t e d   b y  LEFM. What i s  the re fo re   needed  is a g e n e r a l i z e d  
f r ac tu re  mechan ics  t r ea tmen t  wh ich  exp l i c i t l y  r ecogn izes  the  fundamen ta l  na- 
t u r e   o f  damage  growth i n   c o m p o s i t e   m a t e r i a l s .   S p e c i f i c a l l y ,  a p r o p e r   a n a l y s i s  
of f r a c t u r e   i n   f i b e r   c o m p o s i t e s  must  be  cognizant  of t w o  k e y   f e a t u r e s :   t h e  
g e n e r a l l y  a n i s o t r o p i c  c o n s t i t u t i v e  b e h a v i o r  o f  t h e  m a t e r i a l ,  a n d  t h e  h e t e r o -  
geneous  na tu re  o f  t he  f r ac tu re  p rocess .  
The a p p r o a c h  d e v e l o p e d  i n  t h i s  r e p o r t  c a n  b e  l i k e n e d  c o n c e p t u a l l y  
t o  b o u n d a r y  l a y e r  t h e o r y  a n d ,  i n  a p p l i c a t i o n ,  t o  t h e  w e l l - e s t a b l i s h e d  s i n g u -  
l a r  pe r tu rba t ion  and  ma tched  a sympto t i c  expans ion  t echn iques  o f  f lu id  
mechanics.   That i s ,  the   p roblem  of  a compos i t e   ma te r i a l   con ta in ing  a f l aw  
is  d i v i d e d   i n t o   d i s t i n c t   ' ' i n n e r "   a n d   " o u t e r "   r e g i o n s .   I n   e a c h   o f   t h e s e   r e g i o n s ,  
t h e  m a t e r i a l  is modeled i n  d i f f e r e n t  ways. The inne r   r eg ion ,   wh ich   con ta ins  
t h e  c r a c k  t i p ,  is cons ide red  on the  mic roscop ic  l eve l  and  t rea ts  t h e  m a t e r i a l  
as be ing   he te rogeneous .  The o u t e r   r e g i o n   s u r r o u n d s   t h e   c r a c k   t i p   r e g i o n .  I t  
is t r e a t e d  as  a homogeneous o r tho t rop ic   con t inuum.   Fo r   s imp l i c i ty ,   t he   i nne r  
c r a c k  t i p  r e g i o n  w i l l  b e  r e f e r r e d  t o  i n  t h i s  r e p o r t  as t h e  LHR ( f o r  l o c a l  h e t e r o -  
g e n e o u s  r e g i o n )  w h i l e  t h e  o u t e r  r e g i o n  w i l l  be  s imply  ca l led  the  cont inuum.  
$: R e f e r e n c e s  a r e  g i v e n  o n  page ' i 5 .  
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The LHR c o n s i s t s  o f  e l e m e n t s  r e p r e s e n t i n g  t h e  m a t r i x ,  t h e  f i b e r s ,  
a n d   t h e   f i b e r - m a t r i x   i n t e r f a c e   z o n e s .  The c o n s t i t u t i v e   r e l a t i o n s   o f   t h e s e  
e l emen t s ,  up t o  a n d  i n c l u d i n g  t h e i r  r u p t u r e  p o i n t s ,  are  presumed t o  b e  known 
from  experiments .  Any e l emen t  o f  a f i b e r  c o m p o s i t e  r u p t u r e s  when a n  i n t r i n s i c  
c r i t i c a l  e n e r g y  d i s s i p a t i o n  ra te  can  be  p rov ided  a t  some p o i n t  o f  t h a t  e l e m e n t .  
These c r i t i c a l  v a l u e s  are assumed t o  b e  i n d e p e n d e n t  o f  t h e  l o c a l  stress f i e l d  
environment a t  t h e   p o i n t   o f   i n c i p i e n t   r u p t u r e .   T h i s   p e r m i t s   d a t a   f r o m   f r a c t u r e  
tests o n  i s o l a t e d  f i b e r s ,  m a t r i x  material, and ,   poss ib ly ,   un f l awed   compos i t e s  
( t o   o b t a i n   i n t e r f a c e   s t r e n g t h s )   t o   b e   d i r e c t l y   i n s e r t e d   i n t o   t h e   m o d e l .  Ma- 
t e r ia l  p r o p e r t i e s  u s e d  i n  t h e  a n a l y s i s  w o r k  a n d ,  u l t i m a t e l y ,  c r i t i c a l  tests 
o f  t h e  p r e d i c t i o n s  o f  t h e  model w i l l  be  obtained from a concur ren t  expe r i -  
menta l  p rogram be ing  car r ied  out  under  NASA sponsor sh ip  a t  V i r g i n i a  P o l y t e c h n i c  
I n s t i t u t e  a n d  S t a t e  U n i v e r s i t y .  
P rogres s   t o   da t e   has   pe rmi t t ed   computa t ions   t o  be  performed  for 
u n i d i r e c t i o n a l   c o m p o s i t e s   w i t h   e l a s t i c - p e r f e c t l y   b r i t t l e   c o n s t i t u e n t  
behavior .  The m e c h a n i c a l   p r o p e r t i e s  havo- been   those  of g raph i t e   epoxy .  The 
r u p t u r e  p r o p e r t i e s  h a v e  a l s o  b e e n  a r b i t r a r i l y  v a r i e d  t o  t e s t  t h e  c a p a b i l i t y  
o f   t h e   m o d e l   t o   r e f l e c t  rea l  f r a c t u r e  modes i n   f i b e r   c o m p o s i t e s .  It has  
been shown t h a t  f i b e r  b r e a k a g e ,  c r a c k  b r i d g i n g ,  m a t r i x - f i b e r  d e b o n d i n g ,  a n d  
a x i a l  s p l i t t i n g  c a n  a l l  o c c u r  d u r i n g  a pe r iod  o f  (g radua l ly )  i nc reas ing  load  
p r i o r   t o   c a t a s t r o p h i c   f r a c t u r e .   I n   t h i s  way, t h e   s e q u e n t i a l   a n d   i n t e r r e l a t e d  
manner i n  w h i c h  e a c h  i n d i v i d u a l  l o c a l  r u p t u r e  e v e n t  o c c u r s  d u r i n g  damage 
g rowth   p reced ing   f r ac tu re   i n   f i be r   compos i t e s  i s  r evea led  by the   computa t ions .  
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DESCRIPTION OF THE ANALYSIS TECHNIQUE 
~ 
I n  t h e  p r e c e d i n g  s e c t i o n  o f  t h i s  r e p o r t ,  t h e  o b j e c t i v e s  o f  t h e  w o r k  
a n d  a n  o u t l i n e  of t h e  g e n e r a l  a p p r o a c h  were g iven .  The f o c a l  p o i n t  f o r  t h i s  
d e s c r i p t i o n  w a s  t he  two-d imens iona l  l oca l  he t e rogeneous  r eg ion  (LHR) su r round ing  
t h e  crack t i p .  A t y p i c a l  LHR model is shown i n  F i g u r e  1. Depicted is a uni -  
d i r e c t i o n a l   f i b e r   c o m p o s i t e   c o n t a i n i n g   t h r e e   d i s t i n c t   c o m p o n e n t s :   t h e   f i b e r s ,  
t h e   m a t r i x ,   a n d   t h e   f i b e r - m a t r i x   i n t e r f a c e   z o n e s .   I n   t h i s   s e c t i o n   o f   t h e   r e p o r t ,  
t h e  d i s c r e t e  e l e m e n t s  t h a t  c o m p r i s e  t h e  LHR a n d  t h e  manner i n  which they are 
as sembled  to  g ive  a q u a n t i t a t i v e  p r e d i c t i v e  c a p a b i l i t y  f o r  c o m p o s i t e  f r a c t u r e  
w i l l  b e  d e s c r i b e d  i n  d e t a i l .  
LHR Boundary Conditions 
In  the  work  per formed so  f a r ,  t h e  i n t e r a c t i o n  b e t w e e n  t h e  LHR and  the  
continuum, as i s  appropr i a t e  fo r  p re l imina ry  s t ages  o f  t he  work ,  has  been  t aken  
i n   t h e   s i m p l e s t   p o s s i b l e   m a n n e r .   T h i s  is by   spec i fy ing   t he   d i sp l acemen t s   on   t he  
boundary  of   the LHR in   acco rd   w i th   t he   ” r ig id   boundary   cond i t ions”   approach .  Use 
of t h i s  scheme i s  t an tamoun t  to  a s suming  tha t  t he  LHR i s  l a r g e  e n o u g h  t h a t  t h e  
n o n l i n e a r  i n h o m o g e n e i t y  o f  t h e  c r a c k  t i p  r e g i o n  d o e s  n o t  a f f e c t  t h e  p e r i p h e r y  
of t h i s   r e g i o n .   I n   o t h e r   w o r d s ,   t h e  LHR and  the  cont inuum  are   assumed  to   be 
uncoupled .   Consequent ly ,   the   d i sp lacements  at  t h e  LHR boundary   a r e   exac t ly   t he  
same as i f  t h e  e n t i r e  c r a c k e d  body is a n   e l a s t i c   c o n t i n u u m .  The r e q u i r e d   r e l a -  
t i ons   can   t he re fo re   be   ob ta ined   f rom  the  work of   Sih  and  Liebowitz  [2]. Thei r  
approach i s  b r i e f ly  summar ized ,  as  fo l lows .  
Cons ider  a p l a t e  w i t h  i ts  ma jo r  d imens ions  ly ing  in  the  xy p l a n e .  
F o r  e i t h e r  p l a n e  stress o r  p l a n e  s t r a i n  d e f o r m a t i o n .  t h e  i n p l a n e  s t r a i n s  E 
E and y w i l l  depend  only on t h e   i n p l a n e  stresses (J (J and ‘I . 
H e n c e ,  t h e  a p p r o p r i a t e  c o n s t i t u t i v e  r e l a t i o n s  f o r  a r e c t i l i n e a r l y  a n i s o t r o p i c  
body i n  a s t a t e  of  p l ane  de fo rma t ion  are g iven  by 
X’ 
Y ’  XY x ,   y’  XY 
= all ux + a12 uy + a 1 6  T ~ y  
‘y = =12 ‘x -+ “22 ‘y -k a26 ‘XY 
’ ~ y = ~ 1 6  ux 26 ‘y 66 xy + a  + a  7 
p 
6 
t c 
Continuum 
;MY- Local Heterogeneous  Region I' 
\ \ ,I 
# 
Material  Orientation 
(Arbi t rary)  
. .. " ~~. . ~ . .. .~ ~ . 
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FIGURE 1 .  'THC LHK CONCEPT 
7 
Sih  and  Liebowi tz  show t h a t  t h e  s o l u t i o n  t o  t h e  g o v e r n i n g  d i f f e r e n t i a l  e q u a t i o n  
o f  t w o - d i m e n s i o n a l  a n i s o t r o p i c  e l a s t i c i t y  t h e o r y  i s  a s s o c i a t e d  w i t h  t h e  r o o t s  
o f  t h e  c h a r a c t e r i s t i c  e q u a t i o n  
It c a n  b e  shown t h a t  t h e  r o o t s  of  Equation (2) are e i t h e r  c o m p l e x  o r  are  pure  
imaginary .   Hence ,   these   can   be   l abe led  6 1, b 2 ,  bl, and 6 T h i s   s u g g e s t s   t h e  
i n t r o d u c t i o n  o f  t h e  c o m p l e x  v a r i a b l e s  z = x + dly  and z = x + b2y. The p l ane  
p r o b l e m  o f  a n  a n i s o t r o p i c  body i s  the reby  r educed  to  the  de t e rmina t ion  o f  two 
c o m p l e x   p o t e n t i a l   f u n c t i o n s   o f  a complex   var iab le  Q(z ) and $(z ) t h a t  s a t i s f y  
the  prescr ibed  boundary  condi t ions  of  the  problem.  
- - 
2 ’  
1 2 
1 2 
A s  f u r t h e r  shown i n  r e f e r e n c e  2 ,  t h e   d i s p l a c e m e n t   f i e l d  i s  expressed  
i n  terms o f  t h e  p o t e n t i a l  f u n c t i o n s  b y  t h e  r e l a t i o n s  
where u and v are  t h e  x and y displacement components and 
- 2 
‘1 - “11 ‘1 + “12 - “16 ‘1 
- 1 q1 - - 
‘1 
h 2 + a  - “  (“12 1 22 26 
- 2 
’ ‘2 - “11 ‘2 + “12 - “16 ‘2 
1 “1 9 q2  = - L 
d 2  (“12 ‘2 + “22 - a26 ‘2 . 
O m i t t i n g  t h e  d e t a i l s ,  p o t e n t i a l  f u n c t i o n s  f o r  a c r a c k e d  b o d y  i n f i n i t e  i n  e x t e n t  
h a v e   b e e n   d e t e r m i n e d   f o r   i n s e r t i o n   i n t o   E q u a t i o n s  ( 3 ) .  I n   p a r t i c u l a r ,  a s o l u t i o n  
f o r  r e m o t e  l o a d i n g  c o n s i s t i n g  o f  a u n i f o r m  t e n s i l e  l o a d i n g  u a c t i n g  i n  t h e  d i -  
r e c t i o n  n o r m a l  t o  t h e  c r a c k  p l a n e  a n d  a s h e a r  l o a d i n g  T p a r a l l e l  to t h e  c r a c k  
8 
p l a n e  f o r  a c r a c k  of l e n g t h  2a can  be  obta ined .  For  a p o l a r  c o o r d i n a t e  s y s t e m  
w i t h  o r i g i n  a t  t h e  c r a c k  t i p  as shown i n  F i g u r e  2, t h e  d i s p l a c e m e n t s  n e a r  t h e  
c r a c k  t i p  are g iven  by 
and 
9 
FIGURE 2 .  DISPLACEMENT  COMPONENTS FOR A P O I N T  IN THE 
VICINITY OF THE CRACK T I P  
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where 
and 
are  t h e  Mode I and Mode I1 s t r e s s - i n t e n s i t y  f a c t o r s  f o r  t h e  p r o b l e m .  
Equat ions  ( 4 )  and (5)  can  be  used  to  de t e rmine  d i sp lacemen t s  on  the  
LHR boundary   v i a   t he   r i g id   boundary -cond i t ion   approach .   Th i s  means t h a t  t h e  
a p p l i e d  stresses a c t i n g  o n  t h e  body are t r ansmi t t ed  th rough  the  con t inuum reg ion  
t o  t h e  c r a c k - t i p  r e g i o n  a n d  are "sensedr1 a t  t h e  c r a c k  t i p  i n  terms of  the  stress- 
i n t e n s i t y   f a c t o r s  K and K An independen t   spec i f i ca t ion   o f   t he   l oad   and  
c r a c k   l e n g t h  i s  the re fo re   unnecessa ry .   Hence ,   a l t hough   de r ived   fo r   an   i n f in i t e  
medium, t h e  a p p r o a c h  c a n  b e  u s e d  f o r  b o d i e s  w i t h  f i n i t e  b o u n d a r i e s  b y  s i m p l y  i n -  
s e r t i n g   t h e   a p p r o p r i a t e   s t r e s s - i n t e n s i t y   f a c t o r s .   I n   d o i n g   t h i s ,  i t  must  be 
t a c i t l y  assumed t h a t  t h e  LHR i s  (1) l a r g e  e n o u g h  r e l a t i v e  t o  t h e  m i c r o s t r u c t u r a l  
d imens ions  of  the  composi te  tha t  the  boundary  d isp lacements  are c l o s e l y  g i v e n  
by cont inuum  theory  and ( 2 )  s m a l l  e n o u g h  r e l a t i v e  t o  t h e  c r a c k  l e n g t h  a n d  d i -  
mensions of t h e  body t h a t  t h e  s i n g u l a r  b e h a v i o r  o f  t h e  c o n t i n u u m  s o l u t i o n  a t  t h e  
c r a c k  t i p  d o m i n a t e s .  
I 11' 
While a p p r o p r i a t e  f o r  p r e l i m i n a r y  w o r k ,  i t  i s  a n t i c i p a t e d  t h a t  t h e  
r ig id  boundary  cond i t ion  approach- -even  wi th  pe r iod ic  upda t ing  t o  r e f l e c t  t h e  
p r o g r e s s  of  t he   c r ack   t h rough   t he  LHR--may p r o v e   t o   b e   t o o   r e s t r i c t i v e .   T h e r e -  
f o r ,  i n  s u b s e q u e n t  w o r k ,  a f lex ib le  boundary-condi t ion  approach  which  ex tends  
an  approach  deve loped  in  work  p rev ious ly  ca r r i ed  ou t  a t  B a t t e l l e  [ 3 ]  w i l l  be 
used .   This  i s  d e s c r i b e d   i n  more d e t a i l  i n  t h e  Recommended Fur ther   Research  
s e c t i o n   o f   t h i s   r e p o r t .  I t  migh t   be   no ted   t ha t   w i th   f l ex ib l e   boundary   cond i t ions ,  
c r a c k  l e n g t h  a n d  l o a d  m u s t  b e  s p e c i f i e d  i n d i v i d u a l l y .  
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The LHR Element 
A s  shown i n  F i g u r e  I, t h e  LHR f o r  a f i b e r  r e i n f o r c e d  c o m p o s i t e  is 
c o n s i d e r e d  t o  b e  made u p  o f  t h r e e  d i f f e r e n t  t y p e s  o f  c o n s t i t u e n t s :  f i b e r ,  
matrix, a n d   f i b e r - m a t r i x   i n t e r f a c e .  E a c h   o f   t h e   i n d i v i d u a l   c o n s t i t u e n t s   i n  
t h e  LHR must b e  c a p a b l e  of r u p t u r i n g  t o  a l l o w  t h e  b o d y  t o  e x h i b i t  t h e  c h a n g e s  
i n  s t r e n g t h  t h a t  c o r r e s p o n d  t o  v a r i o u s  l e v e l s  a n d  o r i e n t a t i o n s  o f  l o c a l  b r e a k -  
a g e .  A good d e a l  o f  s u c c e s s  h a s  b e e n  o b t a i n e d  b y  K a n n i n e n  [ 4 , 5 ]  us ing   "spr ing-  
l i ke"   e l emen t s   t o   mode l  a l o c a l  f r a c t u r e  phenomena. T h i s   f a c t ,   t a k e n   t o g e t h e r  
w i t h  t h e  i n c r e a s e d  c o m p u t a t i o n a l  s i m p l i c i t y  o f  t h i s  a p p r o a c h ,  h a s  l e d  t o  t h e  
adop t ion  o f  t he  bas i c  e l emen t  shown i n  F i g u r e  3 f o r  t h i s  work. 
A s  shown i n  F i g u r e  3 ,  each  e lement  has  e ight  degrees  of  f reedom 
and is c o n n e c t e d   i n   t h e  LHR a t  i t s  f o u r   c o r n e r   n o d e   p o i n t s .   E x t e n s i o n a l  s t i f f -  
n e s s  is p rov ided   by   fou r   ex t ens iona l   connec to r s .   These   connec to r s   r e semble  
s i m p l e  e x t e n s i o n a l  s p r i n g s ,  b u t  a l s o  h a v e  a l a t e ra l  c o n t r a c t i o n  o r  P o i s s o n  e f f e c t .  
A material made up of a set o f  t hese  connec to r s  behaves  in  un i fo rm ex tens ion  
e x a c t l y   l i k e  a homogeneous o r t h o t r o p i c   m a t e r i a l .   S i m i l a r l y ,   s h e a r   s t i f f n e s s  
is i n c o r p o r a t e d  i n  t h e  e l e m e n t  t h r o u g h  a r o t a r y  s p r i n g  a t  e a c h  node   po in t   to  
g i v e   t h e   p r o p e r   r e s p o n s e   t o   s h e a r   l o a d i n g s .  The va lues   o f   t he   sp r ing   con-  
s t a n t s  a r e  f u n c t i o n s  o f  t h e  mater ia l ' s  e l a s t i c  c o n s t a n t s  a n d  o f  t h e  e l e m e n t  
s i z e  and  shape. 
I n  a d d i t i o n  t o  g i v i n g  t h e  p r o p e r  r e s p o n s e  t o  l o a d s ,  t h e  LHR elements  
f r a c t u r e   a c c o r d i n g   t o   t h e   " c o d e s "  shown i n  F igure  4 .  In Figure  4 ,  Fr;lcture Code 
1 r e p r e s e n t s  a n  i n c r e m e n t  of c r a c k  e x t e n s i o n  i n  t h e  p l a n e  l y i n g  midway between 
Nodes 1 and 4 t h a t  e x t e n d s  f r o m  t h e  l e f t  s i d e  o f  t h e  e l e m e n t  t o  t h e  c e n t e r  o f  
t h e   e l e m e n t .   F r a c t u r e  Code .2 r e p r e s e n t s   t h e   c o n t i n u a t i o n   o f   t h e   c r a c k   t o   t h e  
r i g h t  s i d e  of   the   e lement .   Frac ture   Codes  3 and 4 r e p r e s e n t  similar increments  
o f  c r a c k i n g  i n  t h e  v e r t i c a l  d i r e c t i o n .  
Using  an  energy  approach,  i t  is  p o s s i b l e  t o  t r a c e  t h o s e  c o m p o n e n t s  
o f  t h e  e l e m e n t a l  s t i f f n e s s  m a t r i x  t h a t  are a s s o c i a t e d  w i t h  e a c h  f r a c t u r e  c o d e  i n  
e v e r y   e l e m e n t   i n   t h e  LHR. T h i s   i n f o r m a t i o n   c a n   b e   a s s e m b l e d   i n t o   t h e   s t i f f n e s s  
m a t r i x  s u c h  t h a t  a s o l u t i o n  c a n  b e  o b t a i n e d  f o r  t h e  i n c i p i e n t  r u p t u r e  o f  a n y  
s u b e l e m e n t  i n  t h e  LHR. Note t h a t  t h i s  i s  most e a s i l y  p o s s i b l e  i f  ( a s  i n  t h e  
p r e s e n t  w o r k ) ,  t h e  c o n s t i t u e n t  b e h a v i o r  i s  r e s t r i c t e d  t o  b e i n g  l i n e a r  e l a s t i c  
t o   t h e   r u p t u r e   p o i n t .   I n e l a s t i c   b e h a v i o r ,   w h i l e  more  complicated,  i s  n o t  
precluded,  however.  
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FIGURE 4 .  THE I 'MCTURE CODES  CONTAINED 
I N  AN LHR ELEMENT 
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Knowledge o f  t h e  s t i f f n e s s  components a t t r i b u t a b l e  t o  e a c h  f r a c t u r e  
c o n d i t i o n  a l s o  p r o v i d e s  a me thod  o f  ca l cu la t ing  the  ene rgy- re l ease  rate f o r  
c r a c k  a d v a n c e  b y  a n y  o f  t h e  f o u r  c o d e s  p r o v i d e d  f o r  i n  e a c h  LHR e lement .  Of 
c o u r s e ,  t h e  c r i t i c a l  r u p t u r e  e n e r g y  v a l u e s  m u s t  b e  s p e c i f i e d  t o  p r o v i d e  a de- 
c i s i o n  r u l e  f o r  b r e a k a g e  i n  e a c h  s e p a r a t e  e l e m e n t .  N o t e  t h a t  w h i l e  t h e  m o d e l  
a l l o w s  s e p a r a t e  c r i t i c a l  v a l u e s  t o  b e  s p e c i f i e d  f o r  e a c h  o f  t h e  f o u r  f r a c t u r e  
c o d e s  f o r  e v e r y  o n e  o f  t h e  e l e m e n t s  i n  t h e  LHR, o r d i n a r i l y  d i f f e r e n t  v a l u e s  
w i l l  b e  s p e c i f i e d  o n l y  f o r  t h e  d i f f e r e n t  c o n s t i t u e n t s ,  i . e . ,  f i b e r ,  m a t r i x ,  or 
i n t e r f a c e .  
E lemen ta l  S t i f fnes s  Formula t ion  
E n e r g y  p r i n c i p l e s  c a n  c o n v e n i e n t l y  b e  u s e d  t o  d e t e r m i n e  t h e  s t i f f n e s s  
o f  t h e  LHR s t r u c t u r e .  The s i g n  c o n v e n t i o n s  f o r  a n  LHR element  w i l l  be  t aken  a s  
shown i n   F i g u r e  5. Then ,   u s ing   t he   fo l lowing   no ta t ion :  
= r o t a t i o n a l  s p r i n g  c o n s t a n t  a t  t h e  i- node t h  ‘i 
K i j  = e x t e n s i o n a l  s t i f f n e s s  i n  t h e  x d i r e c t i o n  b e t w e e n  t h e  xx 
i- and j- nodes t h   t h  
Kij 
yy = e x t e n s i o n a l  s t i f f n e s s  i n  t h e  y d i r e c t i o n  b e t w e e n  t h e  
i- and j- nodes t h   t h  
= c r o s s  e x t e n s i o n a l  c o m p o n e n t  ( e f f e c t  o f  P o i s s o n ‘ s  r a t i o )  
XY 
between the i- and j- nodes t h   t h  
u = x d i s p l a c e m e n t   a t   h e  i- node t h  i 
v = y d i s p l a c e m e n t   a t   t h e  i- node, t h  i 
t h e  t o t a l  s t r a i n  e n e r g y  U s t o r e d  i n  t h e  e l e m e n t  f o r  a n y  set o f  a r b i t r a r y  n o d a l  
d i sp lacements  u and v c a n   b e   w r i t t e n   a s  
i i 
15 
FIGURE 5. A TYPICAL.  LHR  ELEMENT 
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v -v v -v 
+ - K  2 xx 43 (u3 -U 4 >' + K 4 ' \ 9 + - /  XY 3 2  2 
u -u 
+ 2 KZ3 YY (v3-v2)' + KZ3 1 7  3 4  + a 1 (v3-v2)  
XY 2 
(u3-u2)   (v3-v4)  
+ 
AX 
It is desirable to determine  an  elemental  stiffness  matrix  such that 
Ke 
F 
x1 
y1 
F 
F 
x4 
y 4  
F 
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This  i s  a c c o m p l i s h e d  b y  r e l a t i n g  t h e  n o d e  f o r c e s  t o  t h e  p a r t i a l  d e r i v a t i v e s  o f  
t h e   t o t a l   s t r a i n   e n e r g y .   T h a t  is 
F = -  au 
xi aui 
and 
For example,  
E x p a n s i o n  o f  t h i s  r e l a t i o n  w i l l  g ive  the  e l emen t s  i n  t h e  f i r s t  row o f  t he  ma t r ix  
[K,] .   Subsequent   der ivat ives   taken  with  respect   to   the  other   degrees   of   f reedom 
gene ra t e  the  r ema in ing  rows .  
The s p r i n g  c o n s t a n t s  u s e d  i n  t h e  f o r m u l a t i o n  must b e  r e l a t e d  t o  t h e  
c o n s t i t u e n t ' s   e l a s t i c   p r o p e r t i e s .   T h i s  i s  a c c o m p l i s h e d   v i a   t h e   r e l a t i o n s  
Kij - 
xy - Q12 f o r  i , j  = 1,. . . 4  
Kij = 4 Y  
xx Qll Ax 
f o r  i,j = 1,. . . . , 4  
C i  = Q,, Ax Ay f o r  a l l  i = l,.. . , 4  1 
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where [QI is d e f i n e d  as t h e  c o n s t i t u t i v e  s t i f f n e s s  m a t r i x  i n  t h e  u s u a l  manner 
as 
[ :  (5 (5 X Y XY T = [ .  yXY 'I. 
S p e c i f y i n g  t h e s e  r e l a t i o n s  is t a n t a m o u n t  t o  a s s u m i n g  t h a t  t h e  m a t e r i a l  i n  e a c h  
element i s  completely  homogeneous. The d e s i r e d   h e t e r o g e n i t y  arises f r o m   t h e   f a c t  
t h a t  t h e  Qij's are d i f f e r e n t   f o r   t h e   f i b e r ,   m a t r i x ,   a n d   i n t e r f a c e   e l e m e n t s .  
The Energy-Release Rate 
The l o c a l  r u p t u r e  c r i t e r i o n  u s e d  i n  t h i s  work i s  a g e n e r a l i z e d  v e r s i o n  
o f  t h e  o r d i n a r y  e n e r g y - r e l e a s e  rate (o r  c r a c k - d r i v i n g  f o r c e )  q u a n t i t y  o f  LEFM. 
I n   f o r m u l a t i n g  i t ,  a t t en t ion   mus t   be   p l aced   on   t he   comple t e   s t ruc tu re .  The 
d i s c r e t i z e d  f o r m  o f  t h e  e q u a t i o n s  o f  e q u i l i b r i u m  f o r  a c o m p l e t e  s t r u c t u r e  c a n  
be  r ep resen ted  by  the  ma t r ix  equa t ion  
I;] = ; 7 
where $ i s  t h e   s t r u c t u r a l   s t i f f n e s s   m a t r i x ,  g i s  t h e   n o d a l   d i s p l a c e m e n t   v e c t o r  
and E t h e  a p p l i e d  n o d a l  l o a d  v e c t o r .  The ene rgy- re l ease  r a t e  G c a n  b e  d e f i n e d  
i n  a g l o b a l  s e n s e  by r e l a t i n g  i t  t o  t h e  c h a n g e  i n  w o r k  d o n e  b y  t h e  a p p l i e d  load-  
i n g  a n d  t h e  s t r a i n  e n e r g y  d u r i n g  a v i r t u a l  c r a c k  e x t e n s i o n .  T h i s  is 
where . 
w z u  T % E  
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is t h e  work done by t h e  a p p l i e d  l o a d i n g ,  
is t h e  s t r a i n  e n e r g y  a n d  u r e p r e s e n t s  t h e  c r a c k  l e n g t h .  ( I n  t h e s e  e q u a t i o n s ,  the 
s u p e r s c r i p t  T d e n o t e s  t h e  t r a n s p o s e . )  
When Equat ions  ( 1 4 )  and (15) are i n t r o d u c e d   i n t o   E q u a t i o n  (13), i t  
is f o u n d   t h a t  
I t  can  be  seen  from  Equation ( 1 2 )  t h a t  t h e  q u a n t i t y  w i t h i n  t h e  b r a c e s  o f  Equa- 
t i o n  (16 )  i s  a n u l l   v e c t o r .   F u r t h e r m o r e ,  i f  x i s  independen t   o f   t he   c r ack   l eng th ,  
then   the   second t e r m  a l s o   v a n i s h e s .   E q u a t i o n  (16) t h e r e f o r e   r e d u c e s   t o  
Now, i t  c a n   b e   c o n s i d e r e d   t h a t   t h e   o n l y   c o n t r i b u t i o n   t o   t h e   m a t r i x  - [ k ]  i s  t h a t  
d u e   t o   t h e   s t i f f n e s s   m a t r i x  K o f   t he   e l emen t   con ta in ing   t he   c r ack  t i p .  If x 
deno tes   t he   d i sp l acemen t   vec to r  o f  the   nodes  of the   e lement   on ly ,   then   Equat ion  
( 1 7 )  c an  be  used  to  ob ta in  an  approx ima t ion  o f  G t h a t  c a n  b e  w r i t t e n  as 
d 
df-7 2. 
where [ % ]  ( [ K  1 )  is t h e   e l e m e n t a l   s t i f f n e s s   m a t r i x   b e f o r e   ( a f t e r )   a n   e x t e n s i o n  
Aa of  t h e   c r a c k   w i t h i n   t h e   e l e m e n t .   R e c o g n i z i n g   t h a t  
a 
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is  the  elemental  strain  energy,  then an alternative  form of Equation (18) is 
'e - 'e 
G =  b  a Aa 
A similar  development  for  the  energy-release  rate  occurs  in  the  recently  pub- 
lished  papers  by Hellen, et  al. [6,7]. 
Program  Solution  Techniques 
To use  the  analysis  that has  been developed thus far, the  material 
properties of the  constituents  and  the  micromechanical  geometry  must be pecified. 
(The  material  properties are also  used  to determine the  homogeneous  orthotropic 
properties  of  the  bulk  composite  through an effective  modulus or volume  fraction 
technique.)  The  way in  which the  constituent  properties  and  the  geometry are 
used  to  generate  elemental  stiffnesses  for  assemblage  into  the  LHR will  be des- 
cribed  next. 
There  are  two  classes  of  nodal  points  used  in  the  LHR.  The  first 
consists of the  points on the  boundary  of  the  LHR  where  displacements  are  pre- 
scribed. The  nodal  points  in  the  interior of the  LHR  having  unknown  displacements 
make  up  the  second  class. It is  useful  to assemble the  stiffness  matrix  in 
such  a  way  that  these  two  groups  are  isolated. The partition  used  here  is 
In Equation (21), the  subscripts  do  not  refer  to n des, but  to  the nodal point 
classification  just  described.  That  is (u ) represents  the  prescribed  displace- 
ment  vector  of  the  peripheral  points  while(= ) is  the  vector of the  unknown  dis- 
placements  for  which  a  solution  is  desired.  Note  that  the  number 1 was not  used 
as a  subscript  because  it  is  more  convenient  to  reserve  it  for  specified  zero 
displacements. 
2 
3 
By performing  the  matrix  multiplication  indicated  in  Equation (21), 
the  following  two  equations are obtained: 
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Most o f t e n ,  i t  i s  e i t h e r  i m p o s s i b l e  o r  i n e f f i c i e n t  t o  s t o r e  l a r g e  matrices such  
as [ k  ] i n   t h e   c o m p u t e r ' s  central  p r o c e s s o r   c o r e  area. F o r   t h i s   r e a s o n  [k ] 33  33 
is s t o r e d  e x t e r n a l l y .  The e x t e r n a l  s t o r a g e  c a n  b e  m i n i m i z e d  b y  u t i l i z i n g  t h e  
f a c t  t h a t  t h e  [ k  ] matrix is always  symmetric  and  banded;  the la t ter  term 
i n d i c a t i n g  t h e  t e n d e n c y  f o r  n o n z e r o  v a l u e s  t o  c l u s t e r  a r o u n d  t h e  d i a g o n a l  o f  
t he   ma t r ix .  By t ak ing   advan tage   o f  matrix p a r t i t i o n i n g  ( i . e . ,  t he   g roup ing  
of  prescr ibed  and  unprescr ibed  degrees  of  f reedom) ,  symmetry ,  and  the  banded  
n a t u r e  o f  t h e  s t i f f n e s s  m a t r i x ,  s t o r a g e  o f  o n l y  a s m a l l  p o r t i o n  o f  t h e  o r i g i n a l  
t o t a l  s t i f f n e s s  matrix is r e q u i r e d .  However, t h i s   r e d u c e d   s t o r a g e   r e q u i r e m e n t  
can still  b e  v e r y  l a r g e  i n  some problems. 
33 
Solu t ion  of  Equat ion  (23)  is  accomplished  through  the  use  of  
33 G a u s s i a n   e l i m i n a t i o n   w i t h   b a c k   s u b s t i t n t i o n .   S m a l l   p a r t s   o f   s t o r e d   [ k  ] m a t r i x  
a r e  b r o u g h t  i n t o  c o r e  as r e q u i r e d   i n   t h i s   o p e r a t i o n .   A s s e m b l a g e   o f   t h e  
r e q u i r e d  p a r t s  o f  t h e  s t i f f n e s s  m a t r i x  i s  done by t h e  d i r e c t  s t i f f n e s s  method. 
Components t h a t  would o r d i n a r i l y   f a l l   w i t h i n   t h e   [ k Z 2 ]   a n d  [k ] submat r i ces  
a r e   d i s c a r d e d .   S t i f f n e s s   c o m p o n e n t s   t h a t   f a l l   w i t h i n   t h e   [ k 3 2 ]   s u b m a t r i x  are 
used i n  a nonzero   (F  } v e c t o r .   F i n a l l y ,   t h o s e   v a l u e s   o f   [ k  ] f a l l i n g  on o r  
above i t s  d i a g o n a l  are s t o r e d  e x t e r n a l l y .  
* 
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Once the  boundary  condi t ions  have  been  prescr ibed ,  an  out -of -core  
t y p e  s o l u t i o n  o f  t h e  p a r t i t i o n e d  LHR s t i f f n e s s  m a t r i x  w i t h  b o u n d a r y  c o n d i t i o n s  
f o r  a u n i t  l o a d  is  performed. The r e s u l t i n g  d i s p l a c e m e n t  v e c t o r  i s  then  used 
t o  c a l c u l a t e  t h e  p o t e n t i a l  f r a c t u r e  e n e r g i e s  a s s o c i a t e d  w i t h  e a c h  o f  t h e  f o u r  
f r a c t u r e   c o d e s .   R a t i o s   o f   t h e   p r e s c r i b e d   c r i t i c a l   e n e r g y   l e v e l s   t o   t h e s e  cal- 
c u l a t e d  e n e r g i e s  are next  computed. The a p p l i e d   l o a d  i s  t h e n   a d j u s t e d   s u c h  
t h a t  t h e  h i g h e s t  r a t i o  becomes e x a c t l y  e q u a l  t o  u n i t y .  T h i s  c r i t i c a l  r e g i o n  
( i f  o n e  e x i s t s )  is a l lowed  to  b reak  in  one  o f  t he  fou r  ways  ( codes )  desc r ibed  
above .  Appropr i a t e  mod i f i ca t ions  are then  made t o  t h e  LHR s t i f f n e s s  m a t r i x .  
* A d e t a i l e d  d e s c r i p t i o n  o f  t h e  d i r e c t  s t i f f n e s s  a s s e m b l a g e  t e c h n i q u e  u s e d  
i n  t h i s  work i s  given by Desai and Abel [ 8 ] .  
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Because the system is c o m p l e t e l y  l i n e a r  elastic,  a s o l u t i o n  f o r  a n o t h e r  l o a d  level 
can t h e n  b e  p e r f o r m e d  i n  e x a c t l y  t h e  same manner. I n  t h i s  way, t h e  p r o p e r t i e s  
of a c r a c k  t i p  damage zone as a f u n c t i o n  o f  a n  i n c r e a s i n g  a p p l i e d  l o a d  c a n  b e  
gene ra t ed .  
A s  e a c h  l o c a l  r u p t u r e  o c c u r s ,  t h e  p r e s c r i b e d  b o u n d a r y  c o n d i t i o n s  m u s t  
b e  a d j u s t e d .  I f  t h e  c r a c k  h a s  p r o p a g a t e d  i n  a s e l f - s i m i l a r  f a s h i o n ,  t h i s  is 
r e a d i l y   d o n e   b y   s h i f t i n g   t h e   o r i g i n   ( c f ,   F i g u r e  2 ) .  I f  n o t ,  t h i s  may p r e s e n t  
some v e r y  real d i f f i c u l t i e s  f o r  t h e n  t h e  c o n t i n u u m  s o l u t i o n  no l o n g e r  e x a c t l y  
a p p l i e s  a n d  some approx ima t ions  mus t  be  used  fo r  s e t t i ng  the  boundary  cond i t ions .  
The l a r g e r  t h e  LHR, t h e  less l i k e l y  t h i s  w i l l  be   necessa ry .  Of c o u r s e ,   l a r g e  
LHR's r e q u i r e  l a r g e  s o l u t i o n  times even  though s torage  i s  g e n e r a l l y  n o t  a problem 
because   o f   t he   ou t -o f - co re   so lu t ion .  It is  l i k e l y  t h a t  t h e  b o u n d a r y  c o n d i t i o n  
problem  can  be  handled by i n t r o d u c i n g  a f lex ib le  boundary-condi t ion  scheme (see  
Recommended F u t u r e  R e s e a r c h  s e c t i o n ) ,  o r ,  p o s s i b l y ,  by a l l o w i n g  t h e  f r a c t u r e d  LHR 
t o  i n t e r a c t  i n  a hybr id  cont inuum model  for  fu ture  boundary  updat ing .  
Ver i f ica t ion  of  Computa t iona l  Model  
Befo re  pe r fo rming  ex tens ive  ca l cu la t ions  on  compos i t e  materials, it 
is  a p p r o p r i a t e  t o  v e r i f y  t h e  c o m p u t a t i o n a l  model by checking i t  a g a i n s t  known 
s o l u t i o n s .  By l e t t i n g  t h e  model   represent  a l i n e a r  e l a s t i c  homogeneous material, 
two checks  can  be made. These are o n  t h e  d i s p l a c e m e n t s  i n  t h e  LHR and on t h e  
c a l c u l a t e d  e n e r g y - r e l e a s e  rate. 
Cons ide r   t he   e l emen t   con f igu ra t ion  shown i n  F i g u r e  1. A check  on 
t h e  c a l c u l a t e d  d i s p l a c e m e n t s  c a n  b e  made  by impos ing  the  con t inuum de r ived  
boundary condi t ions on a LHR reg ion  where  the  LHR is u s e d  t o  s i m u l a t e  a com- 
p l e t e l y  homogeneous r e g i o n .   D i s p l a c e m e n t s   a t   t h e   n o d e   p o i n t s  were c a l c u l a t e d  
and  used t o  c a l c u l a t e  a v e r a g e  stresses w i t h i n   t h e   e l e m e n t s .  The computed 
v a l u e s  of stress and displacement  were then  compared  wi th  va lues  ca lcu la ted  by 
t h e  c o n t i n u u m  s o l u t i o n  f o r  t h e  i n t e r i o r  o f  t h e  r e g i o n .  Agreement  between  the 
two s o l u t i o n s  was  found t o  b e  q u i t e  good. The check   thus   p rovided   one   necessary  
v e r i f i c a t i o n  of  bo th  the  LHR e l e m e n t  i t s e l f  a n d  o f  t h e  f i n i t e  e l e m e n t  a s s e m b l a g e  
and s o l u t i o n  p r o c e d u r e  a s  w e l l .  
A s  d e s c r i b e d  i n  t h e  a b o v e ,  a l l  o f  t h e  e n e r g y  r e l e a s e d  w i t h i n  t h e  
element a t  t h e  c r a c k  t i p ,  i f  a n  i n c r e m e n t a l  amount  of  c rack  ex tens ion  were t o  
o c c u r ,   s h o u l d   e q u a l   t h e   s t r a i n   e n e r g y - r e l e a s e  rate, G. To c h e c k   t h i s ,   c a l -  
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c u l a t i o n s  were made u s i n g  t h e  e x a c t  n e a r  c r a c k  t i p  d i s p l a c e m e n t  f i e l d  f o r  a n  
e las t ic  i s o t r o p i c  material. The ene rgy- re l ease  rate o b t a i n e d   f r o m   t h i s   c a l c u l a -  
t i o n  is denoted  by G *  t o  d i s t i n g u i s h  i t  f r o m  t h e  e x a c t  t h e o r e t i c a l  v a l u e  G. The 
n e c e s s i t y  f o r  i n t r o d u c i n g  t h i s  d i s t i n c t i o n  is  as fo l lows .  
The q u a n t i t y  G c a n  b e  f o r m a l l y  d e f i n e d  i n  terms of a v i r t u a l  c r a c k  
e x t e n s i o n  as t h e  t o t a l  c h a n g e  i n  e n e r g y  o f  t h e  body p e r  u n i t  area o f  c rack  
e x t e n s i o n ;   c f ,   E q u a t i o n  (13). The q u a n t i t y  G*, on t h e   o t h e r   h a n d ,   r e f l e c t s  
o n l y   t h e   c h a n g e   i n   e n e r g y   o f   t h e  element n e a r   t h e   c r a c k   t i p .   C o n s e q u e n t l y ,  G *  
does  no t  i nc lude  the  change  in  ene rgy  o f  t he  r ema inde r  o f  t he  body  as t h e  c r a c k  
e x t e n d s .  I n  o r d e r  t o  a c c o u n t  f o r  t h e  c o n t r i b u t i o n  a r i s i n g  f r o m  t h e  c h a n g e  i n  
e n e r g y  o f  t h e  r e m a i n d e r  o f  t h e  s t r u c t u r e ,  a term denoted by 6 G *  w a s  fo rmula t ed .  
The sum G *  + 6G* is then  t aken  as t h e  a p p r o p r i a t e  a p p r o x i m a t i o n  t o  G i n  t h i s  
work . 
A numerical  experiment  w a s  p e r f o r m e d  t o  c a l c u l a t e  G* and 6G* a s  a 
f u n c t i o n  o f  t h e  a s p e c t  r a t i o  Ay/Ax o f   t he  LHR e l emen t s .  The r e s u l t s  are shown 
i n  T a b l e  11. It is  q u i t e  e v i d e n t  t h a t  t h e  sum G k  + 6G* p r o v i d e s  a n  a c c u r a t e  
approx ima t ion  to  G f o r  t h e  e l o n g a t e d  a s p e c t  r a t i o s  t h a t  are conven ien t  t o  use  
i n  t h e  c a l c u l a t i o n s  o n  f i b e r  c o m p o s i t e  materials. 
There are two f u r t h e r  p o i n t s  o f  i n t e r e s t  a b o u t  t h e  r e s u l t s  shown i n  
Table  I .  F i r s t ,  w h i l e  i t  may b e   s u r p r i s i n g   t h a t  6G* and G* a r e   f u n c t i o n s   o n l y  
of t h e  r a t i o  of Ay t o  Ax, t h i s  i s  a d i r ec t  consequence  o f  t he  u s e  of r i g i d  
boundary condi t ions which put  the near  t i p  d i s p l a c e m e n t s  i n t o  t h e  e n e r g y  r e l a -  
t i o n s h i p  used  t o  c a l c u l a t e  G. The r e s u l t i n g   e x p r e s s i o n   c o n t a i n s   o n l y   t h e  
a s p e c t   r a t i o ,  Ay/Ax. Second,   while  i t  might   be   expec ted   tha t  6G* should  con- 
v e r g e  t o  z e r o  a s  t h e  g r i d  s p a c i n g  i s  c o l l a p s e d  ( i . e . ,  as both  Ay+O  and  Ax+o),  
i t  c a n   b e   s e e n   t h a t   t h i s  w a s  no t   t he   ca se .   In s t ead ,   conve rgence  is ob ta ined  
on ly  as t h e  r a t i o  of Ay t o  Ax becomes la rge .   Then ,  6C* approaches a v a l u e  e q u a l  
t o  11 percen t  o f  G w h i l e  G *  c o n v e r g e s  t o  v a l u e  e q u a l  t o  86 percent  of  G. 
A number o f  d i f f e r e n t  c o m p u t a t i o n s  f o r  h e t e r o g e n e o u s  materials have 
a l s o  b e e n  made.  These  runs  have  been made w i t h  a model similar t o  t h e  o n e  shown 
i n  F i g u r e  3 .  P r e l i m i n a r y  r e s u l t s  i n d i c a t e  t h a t  m o s t  o f  t h e  i n i t i a l l y  e n v i s i o n e d  
modes o f  f a i l u r e  are exhib i ted  by  the  model .  A d i s c u s s i o n  o f  t h e s e  r e s u l t s  i s  
g i v e n  i n  t h e  n e x t  s e c t i o n  of t h i s  r e p o r t .  
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TABLE I AN EXAMPLE CALCULATION OF THE STRAIN ENERGY 
RELEASE RATE AS  A  FUNCTION OF THE GRID SIZE RATIO 
FOR A HOMOGENEOUS LINEAR  ELASTIC MATERIAL 
1 0.71  0.75 1 .46  
2 0.72  0.42 1.14 
4 0.77  0.25  1.02 
8 0.81  0.18  0.99 
16  0.83  0.15  0.98 
32 0.84  0.13 0.97 
64 0.85  0.12  0.97 
128  0.86 0.11 0.97 
2 56  0.86 0.11 0.97 
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~ EXAMPLE COMPUTATIONAL RESULTS  FOR 
FRACTURE - OF  FIBER-REINFORCED  COMPOSITES 
A number  of  computa t ions  have  been  per formed us ing  the  ana lys i s  
t e c h n i q u e  d e s c r i b e d  i n  t h e  p r e c e d i n g  s e c t i o n  o f  t h i s  r e p o r t .  As d i s c u s s e d  
i n  t h i s  s e c t i o n ,  t h e  r e s u l t s  d e m o n s t r a t e  t h e  a b i l i t y  o f  t h e  model t o  e x h i b i t  
m o s t  o f  t h e  a c t u a l  f a i l u r e  m e c h a n i s m s  i n  f i b e r - r e i n f o r c e d  c o m p o s i t e  materials. 
T h e s e  i n c l u d e  f i b e r - m a t r i x  d e b o n d i n g ,  f i b e r  b r i d g i n g ,  matrix br idging ,  and  
m a t r i x  c r a z i n g .  The only  important   micromechanical   mechanism  that   the   model  
c u r r e n t l y  d o e s  n o t  e x p l i c i t l y  r e p r e s e n t  i s  f i b e r  p u l l - o u t .  
* 
C a l c u l a t i o n s  W i t h  A r b i t r a r i l y  V a r i e d  R u p t u r e  P r o p e r t i e s  
The f o l l o w i n g  d e s c r i b e s  a series of e x a m p l e  c a l c u l a t i o n s  i n  w h i c h  
t h e  v a r i o u s  f r a c t u r e  mechanisms a r e  made to   man i fe s t   t hemse lves .  The re- 
s u l t s  shown h e r e  were ob ta ined  by v a r y i n g  e a c h  o f  t h e  c o n s t i t u e n t ’ s  r u p t u r e  
p r o p e r t i e s  a n d ,  i n  some i n s t a n c e s ,  t h e  c o n s t i t u e n t  e l a s t i c  p r o p e r t i e s ,  o v e r  a 
wide  range of v a l u e s .  H e n c e ,  t h e  a c t u a l  v a l u e s  s e l e c t e d  t o  p e r f o r m  t h e s e  
example  computations are n o t  t o t a l l y  r e a l i s t i c .  The i n t e n t  h e r e  is  t o  p r o v i d e  
a q u a l i t a t i v e  v e r i f i c a t i o n  t h a t  t h e  model i s  capable  of  achiev ing  i t s  primary 
f u n c t i o n   r a t h e r   t h a n   t o  make r e a l i s t i c   p r e d i c t ’  Lons . 
U n l e s s  o t h e r w i s e  s t a t e d ,  t h e  e l a s t i c  c o n s t a n t s  u s e d  i n  t h e  c a l c u l a -  
t i o n s   a r e   t h o s e   g i v e n   i n   T a b l e  11. 
TABLE 111. ELASTIC  PROPERTIES USED I N  THE SIMULATION 
OF A GRAPHITE  POXY  COMPOSITE 
. .. - __- ”~ 
I ” .__” 
E V 
C o n s t i t u e n t  Elastic Po i s son’ s  
Modulus ( k s i )  R a t  i o  
F i b e r  28 , 000 0.3 
Matr ix  495 0.3 
I n t e r f a c e  495 0.3 
”_ 
~ 
~~ ~ 
* A s  d i s c u s s e d  i n  t h e  Recommended F u t u r e  R e s e a r c h  s e c t i o n  of t h i s  r e p o r t ,  
s t e p s  t o  i n c o r p o r a t e  both f i b e r  p u l l - o u t  a n d  i n t e r p l y  d e l a m i n a t i o n  c a n  
b e  p e r f o r m e d  i n  a s t ra ight forward  manner  in  subsequent  work .  
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These  proper t ies  were in t ended  to  be  nomina l ly  equ iva len t  t o  those  o f  a 
g r a p h i t e  epoxy  composite  with a volume f r a c t i o n  o f  f i b e r  e q u a l  t o  70 percent .  
Cons is ten t  wi th  these  va lues  are  the  fo l lowing  proper t ies  of  the  bulk  composi tes :  
El = 18,000  ks i ,  v = 0 .25  1 2  
E2 
= 690 k s i ,  G = 3,000,000. 
Note t h a t   t h e   c o n s t i t u e n t s  were assumed t o   b e   i s o t r o p i c .  However, t he  model 
does  no t  r equ i r e  th i s .  
The f i r s t   computa t ion   t o   be   d i scussed  is shown i n  F i g u r e  6 .  This  
r e s u l t  i l l u s t r a t e s  t h e  f i b e r - m a t r i x  d e b o n d i n g  mechanism, a mechanism t h a t  o c c u r s  
i n  a l a r g e  number of   cases .   Typical ly ,  a c r ack  w i l l  advance  through  the  matrix 
a n d  t h e n  v e r t i c a l l y  s e p a r a t e  o r  a x i a l l y  s p l i t  t h e  i n t e r f a c e .  I n  t h i s  example, 
t h e  i n t e r f a c i a l  e l e m e n t s  were made r e l a t i v e l y  weak w h i l e  t h e  f i b e r  and matrix 
material were g i v e n   r e l a t i v e l y   a v e r a g e   s t r e n g t h s .  The l o a d i n g  i n  t h i s  example 
was pure ly  Mode I! I t  w a s  found t h a t  a x i a l  s p l i t t i n g  is even more preva len t  
when Mode I1 loads  are  appl ied .  
M a t r i x  c r a z i n g  t y p i c a l l y  o c c u r s  when a crack advancing through the 
matr ix   reaches a v e r y  s t r o n g  s t i f f  f i b e r .  F i g u r e s  7 and 8 show typical   examples .  
I f  t h e  f i b e r  d o e s  n o t  b r e a k ,  a number of l o c a l  e v e n t s  o c c u r  i n  t h e  m a t r i x  t h a t  
seem to   approximate   mat r ix   c raz ing .   Typica l ly ,   the   c raz ing   does   no t   occur   on  
the   unc racked   s ide   o f   t he   f i be r .  The reason is  tha t   the   d i sp lacements  on the  
c racked  s ide  of  the  f iber  are " locked in ' '  by the adjacent  highly s t re tched 
f iber .   Consequent ly ,   c raz ing   usua l ly   occurs  when s t r o n g  v e r y  s t i f f  f i b e r  
p r o p e r t i e s  are i n s e r t e d  i n t o  t h e  model toge ther  wi th  average  s t rength  and  s t i f f -  
n e s s  p r o p e r t i e s  f o r  t h e  m a t r i x  and i n t e r f a c e .  
Mat r ix   b r idg ing  i s  shown i n  F i g u r e  9 .  This  phenomenon t y p i c a l l y  
occurs  when t h e  f i b e r s  are c o n s i d e r e d   t o   b e   s t i f f ,   b u t  weak. In   these   in -  
s t ances  the  ma t r ix  and  in t e r f ace  are  capable  of withstanding higher  e longa-  
t i o n   t h a n   t h e   f i b e r .  So,  they w i l l  r e m a i n   i n t a c t   w h i l e   t h e   f i b e r   c r a c k s .   I n  
t h e  example shown i n  F i g u r e  9 ,  some add i t iona l  i n t e r f ac i a l  r e sponse  can  a l so  
be   no t i ced  . 
9- U n l e s s  o t h e r w i s e  s t a t e d ,  i n  t h e  c a l c u l a t i o n s  d e s c r i b e d  i n  t h i s  s e c t i o n  of t h e  
r e p o r t ,  t h e  a p p l i e d  l o a d i n g  was a t e n s i l e  normal s t ress  i n  t h e  d i r e c t i o n  
p a r a l l e l  t o  t h e  f i b e r s .  
M I  F I M  I F I M I  F I M  I F I 
FIGURE 6 .  EXAMPLE CALCULATION WITH WEAK INTERFACE SHOWING MATRIX-FIBER  DEBONDING 
N 
0) 
FIGURE 7 .  EXAMPLE CALCULATION  WITH  STRONG STIFF  FIBERS AND WEAK INTERFACE SHOWING  MATRIX CRAZING 
FIGURE 8 .  EXAMPLE  CALCULATION  WITH  STRONG STIFF  FIBERS SHOWING MATRIX CRAZING 
N 
u) 
M I  F I M  1 F I M I  F F I 
FIGURE 9 ,  EXAMPLE CALCULATION N I I T  STIFF  WEAK FIBERS SHOWING MATRIX B R I D G I N G  
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F i b e r  b r i d g i n g  is more  preva len t  when t h e  f i b e r  modulus does not 
g r e a t l y  e x c e e d  t h e  matrix modulus .   ( In   g raphi te   epoxy,   the   modulus   ra t io  is 
o n  t h e  o r d e r  o f  50 and f i b e r  b r i d g i n g  d o e s  n o t  t h e n  seem t o  o c c u r . )  F i g u r e  1 0  
demonst ra tes  t h i s  b e h a v i o r .  F i b e r  b r i d g i n g  c a n  a l s o  b e  r e l a t e d  t o  t h e  m i c r o -  
s t ruc tu ra l   geomet ry .   Tha t  is, i n   c o m p u t a t i o n s   p e r f o r m e d   w i t h   r e l a t i v e l y   t h i n  
f i b e r s ,  t h i s  mechanism  becomes  more  dominate. 
It shou ld  be  emphas ized  tha t  t he  examples  g iven  in  the  above  de l ibe r -  
a t e l y  u s e d  e x a c t l y  t h e  same LHR c o n f i g u r a t i o n  a n d  a p p l i e d  l o a d i n g .  The program 
h a s  t h e  f l e x i b i l i t y  t o  c o n s i d e r  d i f f e r e n t  l o a d i n g  c o n d i t i o n s  a n d  LHR geometr ies .  
However, t h i s  o p t i o n  w a s  n o t  e x e r c i s e d  h e r e  b e c a u s e  o f  t h e  c o m p l i c a t i o n s  t h a t  
would  be  added t o  t h e  i n t e r p r e t a t i o n  of t h e  r e s u l t s .  T h a t  i s ,  i t  would  be 
d i f f i c u l t  t o  s e p a r a t e  t h e  e f f e c t s  d u e  t o  t h e  LHR geometry and loading from 
t h o s e  d u e  t o  v a r i a t i o n s  i n  t h e  r u p t u r e  s t r e n g t h  and  modulus.   Such  calculat ions 
w i l l  b e  d e f e r r e d  u n t i l  f u r t h e r  r e f i n e m e n t s  h a v e  b e e n  i n c o r p o r a t e d  i n t o  t h e  
model .   Again ,   the   purpose   o f   the   computa t ions   g iven   in   F igures  6-10 i s  t o   g i v e  
a q u a l i t a t i v e  d e m o n s t r a t i o n  t h a t  t h e  model i s  capab le  of coping  wi th  the  micro-  
m e c h a n i c a l  f a i l u r e  p r o c e s s e s  i n v o l v e d  i n  t h e  f r a c t u r e  o f  c o m p o s i t e  m a t e r i a l s ,  
n o t  t o  p r o d u c e  p r e c i s e  q u a n t i t a t i v e  r e s u l t s .  
F i n a l l y ,  n o t e  t h a t  t h e  r e l a t i v e  l o a d  l e v e l s  a t  w h i c h  e a c h  i n d i v i d u a l  
f r a c t u r e   e v e n t   o c c u r s  i s  r e c o r d e d .   ( T h e s e   l e v e l s   a r e   r e l a t i v e   t o   t h e   l o a d  
l e v e l  a t  w h i c h  t h e  i n i t i a l  r u p t u r e  e v e n t  o c c u r s . )  It c a n  b e  s e e n  t h a t  t h e  
l o a d  l e v e l  must o r d i n a r i l y  b e  i n c r e a s e d  t o  o b t a i n  a d d i t i o n a l  r u p t u r e  e v e n t s ,  
o r ,  i n  o t h e r  w o r d s ,  i n  o r d e r  t o  e n l a r g e  a n d  p r o p a g a t e  t h e  c r a c k - t i p  damage 
zone.   This   can  be  contrasted  with  the  behavior   of   completely  homogeneous,  
p e r f e c t l y  b r i t t l e  m a t e r i a l s  r e p r e s e n t e d  by LEFM where  c rack  ex tens ion ,  once  
i n i t i a t e d ,  would cont inue in' a c a t a s t r o p h i c  manner under a c o n s t a n t  l o a d  l e v e l .  
The i n i t i a l  s t a g e s  o f  t h e  f r a c t u r e  e v e n t  i n  f i b e r  c o m p o s i t e  m a t e r i a l s  t h e r e f o r e  
c a n  o b v i o u s l y  b e  c h a r a c t e r i z e d  i n  terms of a s t ab le  g rowth  p rocess .  Th i s  sug -  
g e s t s  t h a t  a m o d i f i c a t i o n  o f  t h e  c r a c k  g r o w t h  r e s i s t a n c e  c u r v e  ( R  curve) ap- 
p r o a c h  d e v e l o p e d  f o r  t h e  f r a c t u r e  o f  d u c t i l e  m a t e r i a l s  c o u l d  b e  u s e f u l  f o r  
s t u d y i n g  f r a c t u r e s  i n  f i b e r  c o m p o s i t e  m a t e r i a l s .  Such  an  approach, i t  might 
b e  m e n t i o n e d ,  h a s  a l r e a d y  b e e n  s u g g e s t e d  i n  t h e  l i t e r a t u r e ;  f o r  e x a m p l e ,  b y  
Gaggar  and  Broutman [ 9 ] .  However, t h e s e   a p p r o a c h e s   a r e   u s u a l l y   s e m i e m p i r i c a l  
i n  n a t u r e ,  r e l y i n g  h e a v i l y  on LEFM concep t s .  The p resen t   app roach ,   i n   con -  
t rast ,  s h o u l d  b e  a b l e  t o  make a d i r e c t  p r e d i c t i o n  o f  t h e  c r a c k  g r o w t h  resis- 
t ance  pa rame te r  pu re ly  f rom fundamen ta l - l eve l  cons ide ra t ions .  
W 
h) 
FIGURE 10. EXAMPLE CALCULATION  WITH S T I F F  MATRIX SHOWING FIBER B R I D G I N G  
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Compar ison  of  Calcu la ted  Resul t s  
w i t h  VPISU Experimental  Data 
The c o m p u t a t i o n s  d e s c r i b e d  i n  t h e  p r e c e d i n g  s e c t i o n  d e m o n s t r a t e  
t h a t  t h e  m o d e l  d e v e l o p e d  i n  t h i s  r e p o r t  d i s p l a y s  t h e  v a r i o u s  m i c r o m e c h a n i c a l  
f a i l u r e  mechan i sms  ac tua l ly  exh ib i t ed  by  f ibe r  r e in fo rced  compos i t e s .  A 
more q u a n t i t a t i v e  v e r i f i c a t i o n  is  a l so  poss ib l e .  Th i s  can  be  done  by  com- 
p a r i n g  t h e  p r e d i c t i o n s  of t h e  m o d e l  w i t h  t h e  e x p e r i m e n t a l  r e s u l t s  o b t a i n e d  
i n  t h e  c o n c u r r e n t  NASA-Ames sponsored  r e sea rch  a t  V i r g i n i a  P o l y t e c h n i c  
I n s t i t u t e  and State  U n i v e r s i t y  (VPISU) by  Brinson  and Yeow [ l o ] .  They have 
measu red  the  s t r eng ths  o f  bo th  un id i r ec t iona l  and  ang le  p ly  g raph i t e / epoxy  
composi tes  us ing  unnotched ,  s ing le  edge  notched ,  and  double  edge  notched  spec i -  
mens w i t h   t h e   c r a c k   i n t r o d u c e d   a t   v a r i o u s   a n g l e s   t o   t h e   f i b e r   d i r e c t i o n .   I n  
t h i s  s e c t i o n ,  t h e  model w i l l  be  used  to  estimate t h e  s t r e n g t h s  o f  some o f  t he  
Brinson-Yeow u n i d i r e c t i o n a l  n o t c h e d  tests us ing  inpu t  va lues  in fe r r ed  f rom 
the i r  unno tched  tests. 
A p r e c i s e  p r e d i c t i o n  o f  f a i l u r e  l o a d s  is no t  t o  be  expec ted  a t  t h e  
p r e s e n t  s t a g e  of t h i s  r e s e a r c h  f o r  s e v e r a l  r e a s o n s .  F i r s t ,  b e c a u s e  o f  t h e  
s t a b l e  damage  growth t h a t  p r e c e d e s  f r a c t u r e  i n  c o m p o s i t e s ,  c o m p u t a t i o n s  p e r -  
f o r m e d  u s i n g  r i g i d  b o u n d a r y  c o n d i t i o n s  ( w h i c h  a r t i f i c a l l y  c o n s t r a i n  t h e  damage 
growth  process)  w i l l  n o t  b e  r e a l i s t i c .  The p r e d i c t i o n s  o f  t h e  i n i t i a l  l o c a l  
f a i l u r e  e v e n t - - t h e  t h r e s h o l d  of s t a b l e  damage growth--should be reasonably 
w e l l  p r ed ic t ed ,   however .   Th i s   l oad   l eve l  w i l l  t h e r e f o r e   b e   t a k e n  as t h e  
p r e d i c t i o n  of t h e  model t o  be  compared wi th  the  exper imenta l  measurements .  
It shou ld  be  r ecogn ized  tha t ,  because  o f  t he  neg lec t  o f  t he  s t ab le  g rowth  
r e g i m e ,  t h e s e  s h o u l d  u n d e r e s t i m a t e  t h e  a c t u a l  f a i l u r e  l o a d s .  
A s e c o n d  r e a s o n  f o r  t h e  l a c k  o f  p r e c i s i o n  i n h e r e n t  i n  t h e  p r e s e n t  
p r e d i c t i v e  c a p a b i l i t y  is t h a t  t h e  c o n s t i t u e n t  p r o p e r t i e s  n e e d e d  i n  t h e  model 
have  no t  been  p rope r ly  de t e rmined  a s  ye t .  A s  i n  t h e  p r e c e d i n g  s e c t i o n ,  l i n e a r  
e l a s t i c - p e r f e c t l y  b r i t t l e  b e h a v i o r  c a n  b e  a s s u m e d  w i t h  h a n d b o o k  v a l u e s  b e i n g  
t a k e n  f o r  t h e  e las t ic  p r o p e r t i e s .  R u p t u r e  p r o p e r t i e s  are n o t  as r e a d i l y  
ava i lab le ,   however .  To c i r c u m v e n t   t h i s   d i f f i c u l t y ,   t h e   e x p e r i m e n t a l   r e s u l t s  
on  unnotched  specimens  obtained by Brinson  and Yeow c a n  b e  u s e d .  T h e i r  d a t a  
on t h e  s t r e n g t h s  o f  u n n o t c h e d  c o u p o n s  p u l l e d  t o  f a i l u r e  w i t h  t h e  l o a d  i n  t h e  
f i b e r  d i r e c t i o n  ( e  = 0") a n d  n o r m a l  t o  t h e  f i b e r  d i r e c t i o n  ( e  = 90") a r e  g i v e n  
i n  T a b l e  111. R e l y i n g  o n  t h e i r  o b s e r v a t i o n  t h a t  m a t r i x  f a i l u r e  o c c u r r e d  i n  
. , ". . 
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TABLE 111. CRITICAL VALUES  FOR MATRIX FAILURE 
I N   G R A P H I T E  EPOXY COMPOSITES 
Angle 
Experimental  Values  B e  tween - C r i t i c a l  
Load  and Elas t i c   F r a c t u r e   r a c t u r e   S t r a i n   E n e r g y  
( a )  
~- 
F i b e r  Modulus Stress S t r a i n  Dens i ty  
D i r e c t i o n s  (ks i )  ( k s i )  (%> ( i n .   l b / i n . 3 )  ___- 
0"  18,200 154.7 0.82 57 6 
90 O 1 ,700  6 . 1  0.44 13 .6  - "____ ~- _______ _- c__" 
!a) Data of Brinson and Yeow [ l o ]  on  un id i r ec t iona l  unno tched  spec imens  fo r  
a l o a d i n g  r a t e  of 2 x i nches /mic .  
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v i r t u a l l y  a l l  cases, t h e  c r i t i c a l  s t r a i n  e n e r g y  d e n s i t y  q u a n t i t y  c a n  b e  cal- 
c u l a t e d   ( i . e . ,  " E E  ) f o r  u s e  i n  t h e  model .   These   f igures  are g i v e n   i n   t h e  
l as t  column i n  T a b l e  111. 
1 2  
2 
A s  d i s c u s s e d  on page  11 of t h i s  r e p o r t ,  t h e  a p p l i e d  l o a d s  a c t i n g  
on the body are communicated t o  t h e  c r a c k  t i p  e l e m e n t s  v i a  t h e  a n i s o t r o p i c  
e las t ic  stress i n t e n s i t y  f a c t o r s .  E'..: test specimens,   such as t h e   s i n g l e   a n d  
doub le  edge  no tched  conf igu ra t ions  used  by  Br inson  and  Yeow, t h e r e  is a term 
i n  t h e  stress i n t e n s i t y  f a c t o r  t h a t  c o n t a i n s  t h e  e f f e c t s  o f  t h e  f i n i t e  g e o m e t r y .  
Th i s  term is n o t  t h e  same f o r  a n i s o t r o p i c  a n d  i s o t  . - , J p i c  b o d i e s .  However, i n  
v i e w  of t h e  a p p r o x i m a t e  n a t u r e  o f  t h e  p r e s e n t  c a l c u l a t i o n s ,  t h e  r e f i n e m e n t  
added  th rough  the  use  o f  t he  r a the r  compl i ca t ed  an i so t rop ic  expres s ion  w a s  
n o t   b e l i e v e d   t o   b e   w a r r a n t e d .   H e n c e ,   t h e   i s o t r o p i c   e x p r e s s i o n s  were used. 
For Mode I loading ,   these   have   the   form.  
where o is t h e  a p p l i e d  stress norma l  to  the  c rack  p l ane ,  a is  t h e  c r a c k  l e n g t h  
and Y i s  a dimensionless   funct ion  of   the  specimen  geometry.   For   the  double  
edge  no tched  conf igu ra t ion  
2 2 
Y = 1 .99  + 0 . 7 6  (7) - 8 . 4 8  (F) + 2 7 . 3 6  (T) 3 ( 2 5 )  U a U 
w h i l e  f o r  t h e  s i n g l e  e d g e  n o t c h e d  c o n f i g u r a L i o n  
where W is t h e  p l a t e  w i d t h .  
For a g i v e n  c r a c k  l e n g t h  a n d  l o a d - f i b e r  o r i e n t a t i o n  i n  e i t h e r  t h e  
s i n g l e  o r  d o u b l e  e d g e  n o t c h e d  c o n f i g u r a t i o n ,  t h e  l o a d  c o r r e s p o n d i n g  t o  t h e  
th re sho ld   o f  damage is determined  by a s i n g l e  c a l c u l a t i o n .  T h i s  i s  due   t o  
t h e  l i n e a r  e l a s t i c  material behav io r  assumed in   t he   cu r ren t   mode l .   Tha t  i s ,  
a computa t ion   can   be   pe r fo rmed   fo r   an   e s t ima ted   va lue   o f  K The s o l u t i o n  
c a n  t h e n  b e  s c a n n e d  t o  d e t e r m i n e  t h e  h i g h e s t  s t r a i n  e n e r g y  d e n s i t y  i n  a n y  
ma t r ix   e l emen t .  By " s c a l i n g  up" t h e  s o l u t i o n  t o  f o r c e  t h i s  v a l u e  t o  m a t c h  
I' 
36 
t h e  c r i t i c a l  
th re sho ld  o f  
t o  c a l c u l a t e  
r e s u l t s .  
v a l u e  g i v e n  i n  T a b l e  I V ,  t h e  v a l u e  o f  K c o r r e s p o n d i n g  t o  t h e  
damage is determined.  The f i n a l  s t e p  is to   u se   Equa t ion   (24 )  
t h e  a p p l i e d  stress f o r  d i r e c t  c o m p a r i s o n  w i t h  t h e  e x p e r i m e n t a l  
I 
C o m p a r i s o n s  o f  t h e  c a l c u l a t e d  r e s u l t s  as a f u n c t i o n  o f  c r a c k  l e n g t h  
w i t h  t h e  Brinson-Yeow r e s u l t s  on u n i d i r e c t i o n a l  c o m p o s i t e s  a r e  shown i n  
F i g u r e s  11 and 1 2  f o r  t h e  s i n g l e  a n d  d o u b l e  e d g e  n o t c h  c o n f i g u r a t i o n s ,  re- 
s p e c t i v e l y .  N o t e  t h a t  a semilog  format  i s  used ( so  t h a t  b o t h  t h e  0" and   the  
90" f i b e r - l o a d  a n g l e  r e s u l t s  c a n  b e  shown  on t h e  same p l o t )  and t h i s  may make 
t h e  a g r e e m e n t  a p p e a r  t o  b e  b e t t e r  t h a n  i t  r e a l l y  is .  Never the l e s s ,  i n  v i ew o f  
the remarks made i n  t h e  p r e c e d i n g  s e c t i o n ,  t h e  p r e d i c t i o n  is reasonab ly  
accu ra t e  and ,  as e x p e c t e d ,  g e n e r a l l y  p r o v i d e s  a lower  bound to  the  exper imenta l  
d a t a .   N o t e   a l s o   t h a t   t h e   u n n o t c h e d   r e s u l t  (- = 0) is inc luded   on   the   theo-  
r e t i c a l  c u r v e  t o  e m p h a s i z e  t h a t  t h i s  p o i n t  was  used t o  c o n s t r u c t  t h e  c u r v e .  
a 
w 
F i n a l l y ,  c o m p a r i s o n s  w i t h  e x p e r i m e n t a l  d a t a  c a n  a l s o  b e  made f o r  t h e  
case o f  c r a c k s  i n t r o d u c e d  a t  a n  a n g l e  t o  t h e  f i b e r  d i r e c t i o n .  An example 
computation is shown i n  F i g u r e  13. The. th reshold-of -damage   load   leve l   ca lcu-  
l a t i o n s  are made a s  a b o v e  e x c e p t  t h a t  b o t h  t h e  Mode I and Mode I1 stress 
i n t e n s i t y  f a c t o r s  now are involved   in   the   computa t ion .   These   have   been   taken  
as 
1 
K~ = ,az Y s i n  4 2 
and 
1 
K~~ = ,a5 Y c o s  4 s i n  4 
where 4 is  the  ang le  be tween  the  c rack  p l ane  and  
compar i son  be tween  the  p red ic t ed  r e su l t s  and  the  
9 (27)  
t h e   f i b e r   d i r e c t i o n .  A 
Brinson-Yeow expe r imen ta l  
r e s u l t s  as a f u n c t i o n  of 4 f o r  a 0" l o a d - f i b e r  a n g l e  i s  shown i n  F i g u r e  1 4 .  
Again,  i t  can  be  seen  tha t  t he  mode l  p rov ides  a r easonab le  lower  bound t o  
t h e  e x p e r i m e n t a l  r e s u l t s .  
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FIGURE 11. COMPARISON  OF PREDICTED  STABLE GROWTH THRESHOLD  WITH 
EXPERIMF,NTfL  FAILURE LOADS FOR SINGLE EDGE  NOTCH SPECIMENS 
" . . . 
38 
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Predicted threshold of 1 
stable growth for 8 =Oo 
Predicted threshold of 
stable growth 8= 90" 
VPISG on unidirectio-a1 graphite 
epoxy composites f o r  8 = 0' and 90°, 
respectively, where 9 is the angle 
between the load directin2 and the 
fiber direction 
0 .I .2 .3 .4 .5 .6 .7 .8 .9 1.0 
Relative Crack Length (2a/W) 
FIGURE 1 2 .  COMPARISON  OF PREDICTED STABLE GROWTH THRESHOLD  WITH 
EXPERIMENTAL FAILURE LOADS  FOR  DOUBLE  DGE  NOTCH SPECIMENS 
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dencte   fa i lure   loads   de te rmined  a t  
VPISU on u n i d i r e c t i o n a l  g r a p h i t e  
epoxy  composites  for  zero angle 
between, the  load  d i rec t ion  and  
t h e  f i b e r  d i r e c t i o n  
90 80 7 0  60 50 40 
'#)> Angle  Between  Crack Plane and 
Load Direction  (Degrees) 
FIGURE 1 4 .  COMPARISON OF PREDICTED  STABLE GROWTH THRESHOLD 
WITH EXPERIMENTAL  FAILURE LOADS  FOR SINGLE EDGE 
NOTCH SPECIMENS WITH  ANGLE  CRACKS 
41 
RECOMMENDED FURTHER  ESEARCH 
Being two d i m e n s i o n a l ,  t h e  m o d e l  d e s c r i b e d  i n  t h i s  r e p o r t  is so f a r  
l i m i t e d  i n  a p p l i c a t i o n  t o  u n i d i r e c t i o n a l  l a m i n a t e s  a n d  c a n  o n l y  r e f l e c t  t h e  
l o c a l  damage  modes tha t   occur   in   p lane   deformat ion .   In   subsequent   work ,  i t  
would b e  d e s i r a b l e  t o  e x t e n d  t h e  m o d e l  f r o m  two d imens ions  to  th ree  d imens ions  
t o  treat a n g l e  p l y  l a m i n a t e s .  I n  a d d i t i o n  t o  t r e a t i n g  t h e  e f f e c t  o f  d i f f e r e n t  
l a y u p s ,  new modes of damage ( e . g . ,  i n t e r p l y  d e l a m i n a t i o n ,  f i b e r  p u l l - o u t )  
shou ld  a l so  be  inc luded .  
A s t ra ighforward  ex tens ion  of  the  model  could  be  made by d e v i s i n g  
a three-dimensional  LHR. Bu t ,   t he  number  of s t o r a g e   l o c a t i o n s   r e q u i r e d   f o r  
t he  th ree -d imens iona l  g r id  wou ld  l i ke ly  exceed  the  f a s t  access  s to rage  o f  mos t  
computers.  To c i r cumven t   h i s   s i t ua t ion ,   t he   p re sen t   wo-d imens iona l  model 
cou ld  be  ex tended  to  ang le  p ly  l amina te s  by c o n s i d e r i n g  l a m i n a t e s  w i t h  a n  LHR 
o n l y   i n  a s i n g l e   p l y .   F i g u r e  15 shows t h i s   c o n c e p t .   I n   t h e   s i m p l e s t   c a s e ,  
t h e  LHR can  be  conf ined  to  the  mos t  c r i t i c a l  p l y  a s  t h e  l o a d  l e v e l  is i n c r e a s e d  
In  g e n e r a l ,  t h e r e  c a n  b e  a n  LHR i n  e a c h  p l y  w i t h  a t t e n t i o n  s h i f t e d  f r o m  o n e  p l y  
t o  a n o t h e r  i n  t u r n .  I n  e i t h e r  case, i t  would b e  n e c e s s a r y  t o  a s s u m e  t h a t  t h e  
i n t e r p l y  i n t e r a c t i o n s  are n o t  a f f e c t e d  by t h e  p r e c i s e  d e t a i l s  o f  t h e  l o c a l  
damage o c c u r r i n g  i n  e a c h  p l y .  
I n  F i g u r e  1 5 a ,  a l a m i n a t e  c o n t a i n i n g  a f l a w  i s  shown w i t h  g e n e r a l i z e d  
l o a d i n g   c o n d i t i o n s .   I n   t h i s   t h e   f i r s t   l e v e l   o f   m o d e l i n g ,  a l l  o f   t h e   p l y s   a r e  
c o n s i d e r e d   a s  homogeneous o r t h o t r o p i c   l a y e r s .   D i s p l a c e m e n t s   c a n   b e   c a l c u l a t e d  
i n  t h i s  model f o r  a n y  l o a d  l e v e l  a n d  a p p l i e d  t o  t h e  b o u n d a r i e s  o f  t h e  l o c a l  
homogeneous r e g i o n  i n  e a c h  p l y .  Then, j u s t  as in   the  two-dimensional   model ,  
t h e  LHR shown i n  F i g u r e  1 5 b  c a n  b e  m o n i t o r e d  t o  d e t e r m i n e  t h e  l o c a l  r u p t u r e  
even t s   and   t he   ex ten t   o f   t he  damage zone a t  t h a t  l o a d  l e v e l .  When s i g n i f i c a n t  
c r ack  g rowth  has  occur red  in  one  o r  more p l y s ,  t h e  f i r s t  l e v e l  model must, of 
course ,   be  made t o  r e f l e c t  t h i s .  B u t ,  t h e  b a s i c  a p p r o a c h  w o u l d  n o t  b e  c h a n g e d  
t h e r e b y .  
Two d i s t i n c t  t e c h n i q u e s  m u s t  b e  d e v e l o p e d  i n  o r d e r  t o  o b t a i n  a n  
a c c u r a t e  set of  boundary  d isp lacements  for  each  LHR when e x t e n s i v e  damage 
o c c u r s  i n  t h a t  o r  i n  n e i g h b o r i n g  p l y s .  The f i r s t  i s  t o  i n c o r p o r a t e  t h e  e f f e c t  
o f  t h e  s t i f f n e s s  c h a n g e  i n  t h e  LHR i n t o  t h e  f i r s t  level model  of  the laminate .  
The l o a d i n g  c o n d i t i o n s  would t h e n  b e  o b t a i n e d  f r o m  t h i s  m o d i f i e d  f i r s t  l e v e l  
m o d e l  ( i . e . ,  o n e  w i t h  l o c a l l y  r e d u c e d  s t i f f n e s s e s )  t o  g i v e  t h e  new boundary 
f 
/ 
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c o n d i t i o n s  f o r  t h e  LHR. I n  t h e  s e c o n d  t e c h n i q u e ,  t h e  i n f l u e n c e  o f  t h e  s t i f f -  
n e s s  o f  t h e  l a m i n a t e  away from the c r a c k  t i p  w i l l  b e  d i r e c t l y  t r a n s f e r r e d  t o  
t h e  LHR th rough  wha t  can  be  ca l l ed  a " f l ex ib l e  boundary  cond i t ion"  t echn ique .  
T h i s  a p p r o a c h  c a n  b e  l i k e n e d  t o  p l a c i n g  a series o f  s p r i n g s  o n  t h e  LHR boundary 
w i t h  s t i f f n e s s e s  t a k e n  f r o m  t h e  f i r s t  level model.  The a c t u a l  t e c h n i q u e  is 
more s o p h i s t i c a t e d  t h a n  th i s ,  however, as fo l lows .  
I n  t h e  work  descr ibed  so f a r ,  t h e  p e r i p h e r a l  e l e m e n t s  i n  t h e  LHR 
h a v e  b e e n  p o s i t i o n e d  a c c o r d i n g  t o  t h e  d i s p l a c e m e n t  f i e l d  g i v e n  by a comple te ly  
l i n e a r  e las t ic  c o n t i n u u m  s o l u t i o n  f o r  t h e  g i v e n  c r a c k  t i p  l o c a t i o n  a n d  a p p l i e d  
l o a d s .  T h i s  i s  n o t  s t r i c t l y  c o r r e c t  e v e n  when t h e  d i s p l a c e m e n t s  are p e r i o d i c a l l y  
u p d a t e d  a s  t h e  c r a c k  e x t e n d s  i n  t h e  LHR. Even i n  t h e  a b s e n c e  o f  l o c a l  damage, 
t he  h igh ly  non l inea r  i nhomogeneous  na tu re  o f  t he  c rack - t ip  r eg ion  in  a com- 
p o s i t e  w i l l  c a u s e  s i g n i f i c a n t  d e p a r t u r e s  f r o m  t h e  c o n t i n u u m  d i s p l a c e m e n t s .  A 
scheme f o r  e s t i m a t i n g  t h e s e  d i s p l a c e m e n t s  b a s e d  on a de t e rmina t ion  o f  t he  equ i -  
l i b r i u m  s t a t e  b e t w e e n  t h e  LHR and the cont inuum can be obtained by adapt ing 
t h e  t e c h n i q u e  r e p o r t e d  i n  R e f e r e n c e  3 .  Such a scheme  has   been  referred 
t o  as the   " f l ex ib l e   boundary   cond i t ion"   approach .  The approach  used so  f a r  c a n  
b e  c a l l e d  t h e  " r i g i d  b o u n d a r y  c o n d i t i o n "  a p p r o a c h  b e c a u s e ,  e v e n  w i t h  p e r i o d i c  
u p d a t i n g  t o  r e f l e c t  t h e  p r o g r e s s  o f  t h e  c r a c k  t h r o u g h  t h e  LHR, t h e  LHR does  
n o t   d i r e c t l y   a f f e c t   t h e   c o n t i n u u m   r e g i o n   s u r r o u n d i n g  i t .  The f l ex ib l e   boundary  
c o n d i t i o n  a p p r o a c h ,  i n  c o n t r a s t ,  a c c o u n t s  f o r  t h e  i n t e r a c t i o n .  
F ina l ly ,  t he  r ange  o f  modes of  damage should  be  ex tended  over  those  
of t he  two-d imens iona l  mode l  t o  inc lude  in t e rp ly  de l amina t ion  and  a " f ree-  
e d g e "   e f f e c t .  The gene ra l   app roach   cou ld   be  similar t o  t h a t  d e s c r i b e d  i n  
References  10 and 11. A t t e n t i o n   s h o u l d   f i r s t   b e   f o c u s e d  on  through-the- thickness  
c r a c k s  i n  l a m i n a t e d  p l a t e s  u n d e r  t e n s i o n  w i t h  p a r t - t h r o u g h  f l a w s  b e i n g  c o n s i d e r e d  
la ter .  Of most   importance,   the   three-dimensional   model   of   an  angle   ply  laminate  
s h o u l d  p e r m i t  a r b i t r a r i l y  v a r i e d  m u l t i d i r e c t i o n a l  l a y u p s  t o  b e  e x p l i c i t l y  con- 
s i d e r e d .  The p r o p e r t i e s  f o r  t h e  p l y  m o d u l i  c o u l d  b e  o b t a i n e d  f r o m  l a b o r a t o r y  
i n v e s t i g a t i o n s ,  e . g . ,  i n  t h e  p r o g r a m  b e i n g  c o n d u c t e d  f o r  NASA-Ames a t  V i r g i n i a  
P o l y t e c h n i c  I n s t i t u t e  a n d  S t a t e  U n i v e r s i t y .  
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